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Important Reminder

The withdrawal deadline for this course is Friday, October 17. Requests
submitted after this date will not be accepted.
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 CartPole Problem

* Discrete-time LQR

- Steady-state Regulator
- lterative LQR
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CartPole Problem

We aim to control the cart by applying a horizontal force «(t) such that the
inverted pendulum mounted on top of the cart remains stabilized near the upright
equilibrium position m,

- Cart mass M.

* Pole mass

20 - Pole length 2¢
- Total mass M = m. + m,,
0 lg - Cart displacement &
- Pole angle 0

u(t) .
- « Gravity @
me
L
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Continuous-time Dynamical System
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Continuous-time Dynamical System
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x(t) = Ax(t) + Bu(r)
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Discretization

Consider the continuous-time linear dynamical system x(f) = Ax(t) + Bu(t). By
integrating the dynamics from {A¢ to (¢ + 1)At, we obtain

(i+1)At Zero-Order Hold (ZOH)

Xip1 =e M +[A eMUT DA By dr u(t) 4
it

At
— Bl x, + (f eAo da) Bu;
0

= AgXx; + Biu;

u(t) =u;, teliAt,(i+1)A1)
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Discrete-time Linear Quadratic Regulator

Consider the discrete-time linear dynamical system Xi+1 = AgX; + Bgu; and the
finite-horizon quadratic cost

Control term

1 T 1 5 1 o
J = —x; Qx; + —Ru; |+ ExTQfxT
1=0
Error term Terminal error term

where Q, Q are positive definite and R > 0.

The objective is to find the sequence {(*;, u;)};_, to minimize J subject to the
system dynamics.
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Solution of Discrete-time LQR

Consider the discrete-time linear dynamical system Xi+1 = AgX; + Bgu; . The

problem can be solved using dynamic programming (DP) with the terminal
condition Pr = Qy:

Pi=Q+A;Pis1Aq—AyPi1By(R+ B, Piv1Ba)™' B, Piv1Ag
K;i=(R +BgPi+le)_lBgPi+1Ad
uj = —K;x;
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Steady-state Regulator

If the system satisfies the following conditions:
(i) Ay, B are fixed (ii) (A4, Bg) is controllable (iii) (Ad,Q”z) Is observable
(iv) Q is positive definite and R > 0.

Then the sequence { P;} converges to a steady-state matrix P, , which satisfies
the discrete algebraic Riccati equation (DARE):.

Poo=Q+ A} PooAg— A} PouBy(R+ B PooBy) ' B) Poo Ay

The steady-state control gainis K, = (R + BgPooBd)_lBgPooAd and the
corresponding feedback law is
Ui = —KooX;
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L QR makes life easy, but robots don’t always follow linear scripts.
So what’s next?
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Iterative LQR (iLQR)

min Q(xr—-1, Ur-1)

0 i T
B e B L e e
Initialization U Ui U U3 - Ur—1 Ur
Forward pass X0 X1 X9 X3 - XT-1 XT
(BaCkward pass (ko, Ko) (k1, K1) (k2,K3) (ks3, K3) o+ (kr-1,K7r-1)
% Forward pass  (Xo, ig) (X1, U1) (X2, iip) (X3, ii3) o (Xr-1,Ur-1) (X7, UT) ,

Repeat until convergence
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Iterative LQR (iLQR)

Linearization of of

Xi+1 = f(x;, u;) Xis1 =~ = (x5, u))x; + = (x;, u;) U
0x ou

Let {(x;, L'ti)}l-T:1 be the nominal trajectory. We denote deviations by
O0X;i=Xx;—X;, OU; =U;—Uj.

Then we obtain
0X;j+1=A;0x;+B;ou;

of of

where A; = —(x;,u;) and B; = —(x;, u;).
0x ou
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Iterative LQR (iLQR)

Consider the discrete-time linear dynamical system x;+1 = A;X; + B; 4; and the
finite-horizon quadratic cost

_1 Terminal cost
J = Z c(xi, ui) + p(x7)

Runnlng cost

The objective is to find the sequence {(x;, ui)}iTZO to minimize .J subject to the
system dynamics.
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Iterative LQR (iLQR)

Let the value function be

T-1

V(x;,0):= min ) c(xk, ur) + p(x7)

{uk}k 1 k=t

The recursion has the form (Bellman equation):

V(x:, t) = min

T-1
Wik

-1

c(xp,u)+ Y o, up) +p(xr)
k=t+1

=min [c(Xg, Ug) + V(X41, 1+ 1)]

Ut
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Iterative LQR (iLQR)
Define the Q-function as

Qxs, Ug) = c(xp, uy) + V(Xp41, £+ 1)

The value function can be written as

V(xt) t) — Hlltln Q(xt) ut)-
[
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Backward Pass

Comparing coefficients of Q(x;, uy) = c(xs, uy) + V(xp41, £+ 1)

Q(xt, ut) ~ Q(.i:t, L_tt) + Q;;&Xt + QLO‘LLt

_l_
P 16 T T Qx; = Cx, + A Va
+ §6xt thxt 6xt + Eéut Qutut5ut +5ut thut 5xt £ £ t t+1

T
o Qu. =c¢y +B, Vi
C(Xp, Us) = c(Xyr, Up) + C;t6xt + C,—L6ut t t [V Xr+1

_ T
+ %5xtTcxtxt6xt + %6u?cutut5ut +6U, Cx,u,0%; Quixe = Cxxe + Ap Vg xey At

T

_ = + B

VX1, t+1) =VI(Xpy1, £+ 1) + V,Z+1At5xt + V;;E+1Bt5ut Quu; = Cuyu, t Vaoixe Br

T

1 o T 4T 1o TpT —

+ > 6xt At VleleAt(Sxt + > 5ut Bl‘ th+1xt+lBt5ut Qutxt — Cxtut + Bt Vlele At

TpT
+5ut Bt th+1xt+1At6xt
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Backward Pass V(% 1) = min Q(xr, uy)
Q(xy, up) = Q(Ry, ity) + Qy, 6%, + Qy, S u

1 T 1 T T

To minimize QQ, we set its first-order condition to zero:

0
0= a Q _ Qut T Qutut5ut + Qutxt
Uy

Then we have )
U = Ut + kt + Ktﬁxt

1 1
Wwhere kt . _Qutut Qut and K;= _Qutut Qutxt '
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Forward Pass

Given the feedback gains {(kt,Kt)}thl . define the updated control around the
nominal as

u; = L_tt + kt + Ktﬁxt

P I
X1 = fx,uy)
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iLQR Algorithm

Algorithm 1 Iterative Linear Quadratic Regulator (iLQR)
1: Input: dynamlcs function f, cost function [/, terminal cost ¢, initial state &g, initial control
sequence {ut}t=0 , horizon T

2: Compute initial nominal trajectory {Z;}L_, by forward rollout: Z;y1 = f(&:, @)
3: Compute cost: J < ¢(ZT) + Zz;_ol U@, )
4: while J does not converge do
5:  Linearize dynamics around nominal trajectory:
(5mt=$t—f§g, 6ut=ut—ﬂt
_ of — 9f
A= oz |(i’¢,ﬂ¢)’ B, = 3“'(3—%4—&)
Backward Pass
Initialize terminal value function derivatives: Vi, = ¢2, (Z7), Varar = Gepar (TT)
fort=T—-1to0do
8: Compute Q-function coefficients:
Q:vz — Cm: + A;I—Vfl'u»l
Qu, « Cuy + BtTV7-’H-1
waz & Cayay +A th+1mz+1At
Quee = Cuse + B/ Vs Be Forward Pass
Quwz & Cayuy T B sz+1wz+1At B _
12: | xh < Zo
13: |fort=0toT —1do
9: Compute local optimal feedback gains: 14: Update control action and state:
3 _ -1
I:'t « nglulQuz ‘U.; — ’l_l,t + kt + Kt(mé —_ .’.i't)
- —O-
$T T Qe T flal,ul)
10: Update value function derivatives: 15: | end for -]
. . 16:  Compute cost: J < @(x) + > ;- c(xf, up)
Va, < Qa — Quea, Quyu, Que 17 Update nominal sequence: {(&;, )}y < {(2},u})},
V;Z:L:t: < ngwl - QI,zLQz;luszm 18: end while
19: return {(z}, u})}L
11: |end for {( £ Ut) Y1
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Takeaway

- LQR offers a mathematically elegant solution to stabilize linearized CartPole
dynamics.

- Steady-state LQR simplifies control with constant gain in infinite-horizon settings.

* ILQR generalizes this idea to nonlinear systems, updating nominal trajectories
iteratively for locally optimal performance and forming a fundamental concept in
modern trajectory optimization in robotics.
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