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Prerequisite knowledge

Problem

Poisson equation:

Au=f, inQ,
u=g, on 0Q)
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Prerequisite knowledge

Problem

Poisson equation:

Biharmonic equation:
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Prerequisite knowledge Learning theory

Training process

Training data Predict : Label

1 - L3

Update paramk Ampute loss
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Prerequisite knowledge Learning theory

Testing process

Testing data Solution Exact solution

o+ EZ8 -0

¢
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Neural network
Neural network (NN)

Question: Why functions can be approximated by neural network? !

Theorem (Universal Approximation Theorem With ReLU Network)

For any Lebesgue-integrable function f : R" — R and any € > 0, there
exists a fully-connected RelL U network Q with width < n + 4 and depth
< 4n + 1 such that the function Fg represented by this network satisfies

[ 1f(x) = Foldx < ¢

ILu et al., The Expressive power of Neural Networks: A View from the Width, NIPS
2017
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Prerequisite knowledge Neural network

Fully connected layer

Version 1:

n w1,1

Y2 = | W21

Y3 w31
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Prerequisite knowledge Neural network

Fully connected layer

Version 2:

1 w1 wip by X1
Vo | = | wy1 wpo b2 X
v3 w31 w3p b3 1
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Prerequisite knowledge Neural network

Activation function

sigmoid relu
6 / 6-
/
1
Sigmoid(x) = 15 e ReLU(x) = max(x,0)
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Prerequisite knowledge Neural network

Activation function

swish
10 -
o]
-100 75 - -25 25 50
. X
Swish(x) = ———
1+e X
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Prerequisite knowledge Neural network

Residual Network

W(i11)7 b(ial) W(i12)7 b(i,?)
0 I Activation I Activation I o I @
z function function Y
o1 02

y(l) =0 (W(Z/Z) . U'l(W(irl)x + b(l,l)) + b(l,Z)) + x(l)
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MOCCTSICNGIWELM  Optimization

Optimization

Gradient decent:

Ot = 6t_1 — 'yV(;E(u; 9)

where
@ L : loss function.
@ 0 : parameters in the Neural Network.

@ 7 : learning rate.
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Ry
Optimization

Adam algorithm (ICLR 2015)
Let £(0) be the objective function with parameters 0, 1, B2 be the

exponential decay rates for the moment estimates, 7y be the learning rate

and e = 108,
Q my = Pimi1+ (1—B1)VeL(6:i-1)
Q@ v = Povr_1+ (1— B2)(VeL(6i-1))?

5 my—1
Q my = 1_ g
— P
A U1
0 Oy = 1 '
— B
My
Q0:=01—7——=
U + €
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Prerequisite knowledge Backward propagation and forward propagation

Forward propagation and backward propagation

Motivation:

@ Minimize the loss function by using gradient descent.
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Prerequisite knowledge Backward propagation and forward propagation

Forward propagation and backward propagation

Motivation:

@ Minimize the loss function by using gradient descent.

Approach:

Build a small neural network as defined in the architecture below.

°
@ Use forward propagation to get predicted value and calculate the loss.
@ Use backward propagation and adjust weights and bias accordingly.

°

Repeat forward and backward steps until the stop criterion is satisfied.
Architecture:
@ Build a Feed Forward neural network with 2 hidden layers.

All layers have 2 Neurons.
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Prerequisite knowledge Backward propagation and forward propagation

Forward propagation

Input Hidden layer 1 Hidden layer 2 Output Loss
W w2 W)

B(2) e
Q ot}
(1
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Prerequisite knowledge Backward propagation and forward propagation

Forward propagation

Matrix operation W) and b():

Input
w
w W
\ | Y = Wy 4 p)
wy s 1 1 2
| [ e iy [xl} by
] Ll way [ L] (6
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Prerequisite knowledge Backward propagation and forward propagation

Forward propagation

Activation function o7:

Hidden layer 1

@ — gy (4 V)
[T =fT] xi? _|n (yﬁi))
1 o1(yy")
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Prerequisite knowledge Backward propagation and forward propagation

Forward propagation

Matrix operation W2 and b(?):

w®

@ O
wy 1
) y@ = w@x@ 4 p@

_ 2 2 2 1
<NCNPANE FOEARE
wi? Y2 Wy Wyp X2 2

wi’)
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Prerequisite knowledge Backward propagation and forward propagation

Forward propagation

Activation function o»:

Hidden layer 2

[T o | _ | eaty?)

G) | — (2)
X2 72(y3 ")
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Prerequisite knowledge Backward propagation and forward propagation

Forward propagation

Matrix operation W) and b®):

Output Loss
w®

b

u'g:”
z=WOx® 4 p0

. (3)
3
| E =W WP ]| |0
u'gs'] x2
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Prerequisite knowledge Backward propagation and forward propagation

Backward propagation

Output Loss

oL L 3z _ L g

awl{:“’) T oz awi(:”) T oz i
oL dL oz oL

b0 9z 9p® oz
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Prerequisite knowledge Backward propagation and forward propagation

Backward propagation

Loss

Output
W

Hidden layer 2

¥ ayl?
L 0L o0z X Y oL (3) ) (2)
9= _ %= L I — w7 - x;
awﬁ) 0z ax](:"’) ay((lz) awl(j) 0z ] 2 ] !
3) 2)
0
Yi oL 3 A 1

oL oL 3z
b 9z 9 5D gyl
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Prerequisite knowledge Backward propagation and forward propagation

Backward propagation

Hidden layer 1 Hidden layer 2 Output Loss
W w2 W
) b1 { »3)
(L) w$? &
[Tenef] M» -
7121; u(zzf @én
oL oL 3z ol ay® ax@ gy»
bl 3 oy ax® oy D
oL L oz ol ay® ax® gyV
b 92 9, y@ @ oy 5
23/70

JW, YH, WR (NYCU) NPDE final report February 4, 2024



Prerequisite knowledge Backward propagation and forward propagation

Backward propagation

From the results in previous pages, we can have

o oL 3z o ay® ax® gy»
aol) 07 0Dy ax® oy 5,0

oL
=5 (@ 30 -0 + 0 08) - 0) - 01" 3]

oL oL 9z ol ay® ax@ gy
abi(l)i 0z ax(:”) ay(z) ox(2 ay(l) abi(l)

oL 3 2 3
= 55 (07 ) ol wp?

3(5) - wi) e (i) -1

Finally, we can update the weights and biases by previous optimization method.
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Prerequisite knowledge Backward propagation and forward propagation

Reuvisit activation functions

Sigmoid(x) = 1/(1+e™)

—Sigmoid
— dsigmoid
0.9

0.8

07

04
03
02

0.1

Sigmoid
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Backward propagation and forward propagation
Revisit activation functions

ReLU(x) = max(x,0)

7
——RelU
=——dReLU
9
8
7
6
5
4
3
2
1 l/
0
10 8 6 -4 2 0 2 4 6 8 10

RelLU
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Backward propagation and forward propagation
Revisit activation functions

Leaky ReLU(x) = 0.25*x if x<0; x if x>0

2
—ReLU
—dReLU
8
6
4
2
0
2
4
-10 8 6 4 2 0 2 4 6 8 10

Leaky RelLU
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Prerequisite knowledge Backward propagation and forward propagation

Reuvisit activation functions

- 3
1000 ReCU(x) = max(x”,0)
—ReCU /
——dReCU!
900

700
600
500
400

300

ReCU
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Prerequisite knowledge Backward propagation and forward propagation

Reuvisit activation functions

Swish(x) = x/(1+e")

= Swish
=——dSwish

Swish
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Poisson equation

Poisson equation

Consider the Poisson equation with Dirichlet boundary conditions

Au=f, inQ,
u=g, on 0Q)

We implement following methods to solve the Poisson equation

@ Deep Galerkin Method (DGM)
@ Deep Ritz Method (DRM)
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Decp Galerkin Method
Deep Galerkin Method (DGM)

Loss function:

Llu] = ||du = fl50 + Alle = gl3 00

= [ (Au—fpax+a | (u—g)dx

Goal:

min £[u]
ueF

where F is the class of neural networks.
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N S L) O Co'erin Method

Monte Carlo approach

Monte Carlo approach

L= [ fx = (0-a) [ f) 5dx = (b~ @ELF(X)

where X ~ U(a,b).

@ Generate X3, ..., Xy i U(a,b)

@ Compute [ —b_agf(X')
P N — N = i

JW, YH, WR (NYCU) NPDE final report February 4, 2024 32/70



Monte Carlo approach
o Unbiased estimation:
b—a Y
Y (X))
N =
o Probability convergence:

By Law of Large Number, for any & > 0, there exists N € IN such
that

N

E[ly] = E !

1

N
) (0~ (X)) = 1

P(|Iy—1I|>¢) =0

o Convergent rate: By Center Limit Theorem,

IS

In=1 2 N(0,1)

a

VN
where ¢ is population standard deviation. The error convergence rate
: 1
IS O(ﬁ)
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Decp Galerkin Method
Deep Galerkin Method (DGM)

L[u] = |QfErwp()[(Au(x) = £(x))*] + AOQUE g [(u(x) — g(x))?]

where p(x) is a uniform distribution on Q) and g(x) is a uniform
distribution on dQ).

EN u(x;) 2 @Mu'— )
£l = 75 Lutx) — FO0P + M5 L luth) =306

where x; € Q and t; € 9}, foralli=1,2,..N, j=1,2,.., M.
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Deep Galerkin Method
Numerical result of DGM

Information:

@ Network: ResNet

@ Activation function: Swish

input: | [(None, 2)]

Input_layer: InputLayer
putay P v output: | [(None, 2)]

) input: (None, 2)
RBI1: Residual_block

output: | (None, 20)

FC1: Dense input: | (None, 2)

output: | (None, 20)

input: | (None, 20)

RB2: Residual_block
output: | (None, 20)

input: | (None, 20)
output: | (None, 20)

FC2: Dense

input: | (None, 20)

RB3: Residual_block
output: | (None, 20)

| input: | [(None, 20), (None, 20)] |

Add_Operation: Add

| output: I (None, 20) I input. | (None, 20)
Output_layer: Dense
output: | (None, 1)
Residual block structure Model structure
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Deep Galerkin Method
Numerical result of DGM

Information (continue):

Residual block (RB1)

Layer Input shape Output shape | parameters

FC1 | (batch size, 2) | (batch size, 20) 60

FC2 | (batch size, 20) | (batch size, 20) 420

ResNet model

Layer Input shape Output shape | parameters

RB1 (batch size, 2) | (batch size, 20) 480

RB2 (batch size, 20) | (batch size, 20) 840

RB3 (batch size, 20) | (batch size, 20) 840
Output layer | (batch size, 20) | (batch size, 1) 21

o Total parameters : 2181

JW, YH, WR (NYCU)
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Deep Galerkin Method
Numerical result of DGM

Information (continue):

Exact solution: u = e* sin(7ty)

Epochs: 20000

Learning rate: be — 4

Penalty term: A =1

Number of training points: 110 (interior: 100 / boundary: 10)
Number of testing points: 10000 (uniform mesh by 100 x 100)
Device: Google Colab (GPU accelerated)

Total time: 1200s (0.06 s/ep)
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Poisson equation Numerical result

Numerical result of DGM

Exact solution

10 10

25 25
08 08

20 20
06 06

15 15
04 10 04 10
02 05 02 05
00 v y | 00 00 r v 00

00 02 04 06 08 10 00 02 04 06 08 10

uniform mesh by 100 x 100
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Numerical result
Numerical result of DGM

DNN exact
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Numerical result
Numerical result of DGM

InteriorLoss BoundaryLoss
14
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020
10
015 -
08 -
- B
ue 010
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005
0z
00 000
0 2500 5000 7500 10000 12500 15000 17500 20000 0 2500 5000 7500 10000 12500 15000 17500 20000
epoch epoch
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Numerical result
Numerical result of DGM

TotalLoss

W—

00 5000 7500 1do0 1500  sdoo  1ivo 20000
epoch
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Numerical result
Numerical result of DGM

@ Number of testing points: 100 x 100

error \_epoch | 5000 | 10000 | 20000
U — ul|eo 0.3253 | 0.3461 | 0.3668
U — ul|, 0.1633 | 0.1657 | 0.1725
b=l 15 1096 | 0.1315 | 0.1369

[[u]l

JW, YH, WR (NYCU)
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Decp itz Method
Deep Ritz Method (DRM)

Loss function:

Llu] = /Q (;]Vu|2—|—fu> dx—i—)\/aﬂ(u — g)?dx

(7]
<)
2

min £[u]
ueF

where F is the class of neural networks.
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Energy functional

Consider the functional

T = /Q <;|Vv|2+fv> dx =: /QP[v]dx.

Suppose J [v] has local minimum at u. Then for any w € C§°(Q)),
we have

Ju] < Ju+ ew)

as ¢ closed to 0. Define ®(¢) = J[u + ew]. Then

dd(e " dF
o/ (0) = 1) :/ dFfurew]| 5 g
d€ e=0 Q ds e=0
JW, YH, WR (NYCU) NPDE final report February 4, 2024
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Deep Ritz Method
Energy functional

Note that
1
Flu+ ew] = Flu] + §€2|VZU’2 +eVu-Vw +efw
Then

®'(0) :/ (e|lVw* + Vu-Vw+ fw)| dx=0
Q e=0
that is,

/Q(Vu-Vw—i—fw)dx:O

JW, YH, WR (NYCU) NPDE final report February 4, 2024
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Energy functional

Green's first identity

/Auwdx:/ au-wds—/Vu-dex
Q 20 On o)

Since w € C(Q)),

/Q(—Au + flwdx =0

Hence we can get

Au = f.
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Decp itz Method
Deep Ritz Method (DRM)

£lu] = [QBeey |5 V() + F(0(x) | + AROIEsy ((x) ~ (1))

where p(x) is a uniform distribution on Q2 and g(x) is a uniform
distribution on dQ).

N M
£ = 5 3 [519u0x) P+ fln <xl]+A‘"’“’§ %

where x; € Q and t; € 9}, foralli=1,2,..N, j=1,2,.., M.
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Numerical result
Numerical result of DRM

Information:

@ Network: ResNet
@ Activation function: ReCU

input: | [(None, 2)]
Input_layer: InputLayer
output: | [(None, 2)]

) input: (None, 2)

RB1: Residual_block
output: | (None, 10)

input: (None, 2)
FC1: Dense
output: | (None, 10)

) input: | (None, 10)

RB2: Residual_block
output: | (None, 10)

input: | (None, 10)
FC2: Dense
output: | (None, 10)

. input: | (None, 10)

RB3: Residual_block
output: | (None, 10)

input: | [(None, 10), (None, 10)]
Add_Operation: Add ‘ ‘ |
‘ output: ] (None, 10) |

input: | (None, 10)

Output_layer: Dense
output: | (None, 1)

Residual block structure

YH, WR (NYCU)

NPDE final report
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Numerical result
Numerical result of DRM

Information (continue):

Residual block (RB1)

Layer Input shape Output shape | parameters

FC1 | (batch size, 2) | (batch size, 10) 30

FC2 | (batch size, 10) | (batch size, 10) 110

ResNet model

Layer Input shape Output shape | parameters

RB1 (batch size, 2) | (batch size, 10) 140

RB2 (batch size, 10) | (batch size, 10) 220

RB3 (batch size, 10) | (batch size, 10) 220
Output layer | (batch size, 10) | (batch size, 1) 11

o Total parameters : 591

JW, YH, WR (NYCU)
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Numerical result
Numerical result of DRM

Information (continue):

Exact solution: u = e* sin(7ty)

Epochs: 20000

Learning rate: be — 4

Penalty term: A = 5000

Number of training points: 600 (interior: 500 / boundary: 100)
Number of testing points: 10000 (uniform mesh by 100 x 100)
Device: Google Colab (GPU accelerated)

Total time: 400s (0.02 s/ep)
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Numerical result
Numerical result for DRM

TotalLoss.
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Numerical result
Numerical result of DRM

epoch 1000

DRM exact
10 200 10
25
175
08 08
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06 125 06
15
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04 04
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02 050 o3 05
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00 00 00
0o 02 04 06 o8 10 00
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00+ 00
00
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son equation Numerical result

Numerical result of DRM

10
08
06
04
02
00
00 02 04 06 08 10 00 02 04 06 08 10
% id exact
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1 equation Numerical result

Numerical result of DRM

epoch 20000

5 i exact
25
20 08
20
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10 a4 10
02
i 05
0o+ 00
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Numerical result

Numerical result

exact
10 25 10
25
08 20 08
20
06 06
15 15
04 10 04 10
02 02
s 0s
00 00 00
00 02 04 06 08 10 00 02 04 06 08 10
ermor relative error
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08 4
020
3
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04 o0 04 2
02 005 02 1
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Numerical result
Numerical result of DRM

@ Number of testing points: 100 x 100

error \_epoch | 5000 | 10000 | 20000
U — ul|eo 0.3329 | 0.2908 | 0.2911
U — ul|, 0.1128 | 0.1112 | 0.1233
HUH;HL[HZ 0.0896 | 0.0883 | 0.0979

2

JW, YH, WR (NYCU)
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Biharmonic equation

Biharmonic equation

Consider the Biharmonic equation with boundary conditions

Ay = f, inQ,
u = go, on 0Q),
ou

Erl g1, on 0Q)

To make the calculation easier, we rewrite the equation as following,

Au=p, inQ,
Ap=f, inQ,
u = go, on 0Q),
ou
— = g1, on dQ)
on
JW, YH, WR (NYCU) NPDE final report February 4, 2024
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222D G e
DGM for biharmonic equation

Loss function:
Llu] = ||[Au—plia+18p = fli50

+allu = gollz00 + Bl (Vu 1) = g1l30

By Monte Carlo approach,

- 2 10 )
; (P + 7 Llap(x) - £(x)]
M N
oyl ()7 + B2 Y [vuth) (e — (1)
j=1 j=1

where x; € () and t; € 0Q), foralli=1,2,..N,j=1,2,..,M.
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Numerical result of DGM

Information:

@ Network: ResNet

@ Activation function: Swish

input: | [(None, 2)]
output: | [(None, 2)]

input: (None, 2)
FC1: Dense
output: | (None, 100)

Input_layer: InputLayer

]

. input: (None, 2)
RB1: Residual_block
output: | (None, 100)

input: | (None, 100)
FC2: Dense
output: | (None, 100)

input: | (None, 100)
RB2: Residual_block

output: | (None, 100)
Add O tion: Add ‘ input: I [(None, 100), (None, 100)] |
|_Operation: J

output: l (None, 100) I / \

input: | (None, 100)
Output_layer1: Dense

input: | (None, 100)
output: | (None, 1)

output: (None, 1)

Output_layer2: Dense

Residual block structure Model structure
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Deep Galerkin Method
Numerical result of DGM

Information (continue):

Residual block (RB1)

Layer Input shape Output shape parameters

FC1 (batch size, 2) | (batch size, 100) 300

FC2 | (batch size, 100) | (batch size, 100) 10100

ResNet model

Layer Input shape Output shape parameters

RB1 (batch size, 2) | (batch size, 100) 10400

RB2 (batch size, 100) | (batch size, 100) 20200
Output layerl | (batch size, 100) | (batch size, 1) 101
Output layer2 | (batch size, 100) | (batch size, 1) 101

o Total parameters : 30802

JW, YH, WR (NYCU)
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Numerical result
Numerical result of DGM

Information (continue):

Exact solution: u = e* sin(7ty)

Epochs: 10000

Learning rate: be — 4

Penalty term: A =1

Number of training points: 130 (interior: 100 / boundary: 30)
Number of testing points: 10000 (uniform mesh by 100 x 100)
Device: Google Colab (GPU accelerated)

Total time: 1040s (0.1 s/ep)
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Numerical result
Numerical result of DGM

InteriorLoss BoundaryLoss
120 -
100 008
© 006
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0 000
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GradlLoss TotalLoss
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8 g @
002
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00z »
000 0
0 2000 a000 6000 a000 10000 0 4000 6000 a000
epach epoch
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Biharmonic equation Numerical result

Numerical result of DGM

Exact solution
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Numerical result

Numerical result of DGM

Exact solution
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Biharmonic equation Numerical result

Numerical result of DGM

@ Number of training points: 100 430 / ep
@ Number of testing points: 100 x 100

error \_epoch | 2000 | 4000 | 6000 | 8000 | 10000
[U—ull« |0.4190 | 0.1517 | 0.1456 | 0.1085 | 0.0993

[U—ul], |0.1419 | 0.0701 | 0.0542 | 0.0519 | 0.0452
U — ufl2

W 0.1126 | 0.0556 | 0.0430 | 0.0412 | 0.0359
2
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Biharmonic equation Numerical result

Numerical result of DGM

@ Number of testing points: 100 x 100

@ Error: relative error of two norm

Tp \_epoch | 2000 4000 6000 8000 | 10000
100/10 0.0619 | 0.0426 | 0.0408 | 0.0421 | 0.0391
400/20 0.0417 | 0.0316 | 0.0357 | 0.0331 | 0.0270
900/30 0.0363 | 0.0257 | 0.0347 | 0.0278 | 0.0264
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Biharmonic equation Numerical result

Numerical result of DGM

@ Epochs: 10000
@ Number of training points: 100 4+ 30 / ep
@ Number of testing points: 100 x 100

error Swish | Sigmoid | RelLU

U —ul|e | 0.0993 | 0.2292 | 0.0723

U —ul, | 0.0452 | 0.0897 | 0.0220

HUH;H“”Z 0.0359 | 0.0712 | 0.0175
2
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N
Code on Github

@ Poisson DGM:
https://github.com/Jia-wei-1liao/NPDE_final_project/
blob/main/DGM_Poisson2D.ipynb

@ Possion DRM:
https://github.com/Jia-wei-liao/NPDE_final_project/
blob/main/DRM_Poisson2D.ipynb

@ Biharmonic DGM:

https://github.com/Jia-wei-liao/NPDE_final_project/
blob/main/DGM_Biharmonic2D.ipynb
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THE END

Thanks for listening]!
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