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Sparse coding (sparse representation)

Sparse coding problem (sparse representation)

Problem

min ||z]|p s.t. Dz = x

-
Sparse coding
| — -

mxk m x 1

kx1
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Sparse coding (sparse representation)

Sparse coding problem (sparse representation)

SR problem

z* = argmin (;Hx — Dz|3 + A||z||0>
z€RK
where
@ X is signal vector in R
e D is dictionary matrix in R"*k
@ z is sparse coefficient vector in R¥

@ A > 0 is a penalty parameter
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Sparse coding (sparse representation)

Sparse coding problem (sparse representation)

It is inefficient to compute ||z||o directly when # is large. In practice, we
will use the ¢! norm instead of the £ norm.

SR problem

1
z* = argmin <2Hx — Dz||3 +A||z||1> ,A>0.

zERRF
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Online dictionary learning

Online dictionary learning

ODL problem

n
mm( ZHX: DZ:‘H§+?\ZHZiHl>

i=1
subject to Hd]-HZ <1,V1i<j<k

where
@ x; is a given signals in R™
D = [dy, dy, - -, dy] is dictionary matrix in R">¥
@ z is sparse coefficient vector in R¥

@ A > 0 is a penalty parameter
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Online dictionary learning

Generate training set

100 x 1 100 x 1
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Online dictionary learning

Visualize dictionary
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Online dictionary learning

Online dictionary learning

ODL method

Given an initial dictionary D), for t = 1,2, - -, T, we solve the following
two sub-problems alternatingly:

x®) = Random drawing from {xq,- -+, x,}
z!) = argmin <1|\x(t) — D Vg)3 4+ )L||z||1)
zERK 2
145 /710 . . .
DY = argmin’ )~ <||x(l) — Dz)3 + )\HZ(Z)Hl>
pec tim\2

where C = {D € R"*|dld; <1,V1<j <k}

We iterate until convergence is achieved.
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Online dictionary learning

Mini-batch extension

To simplify the formulation of the SDL problem, we define

X = [ xit), xét), SR xét) ] e R"™*b

20 =0, 2, o, ) | eRe

where b is the batch size.
Hence the problem in (SDL) can be rewritten as follows:

. 1 _
7 — arg min <2]|X(t) - pt 1)ZH% + )\||ZH1,1> (1)
ZeRkxb
DO~ argming 3 (31X - DZO+AIZ0 ) (2
DeC i=1
b
where ||ZH1,1 = Z HZ]||1
j=1
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Solving sparse coding by ADMM

To solve

1
Z") = argmin (HX —DZ||} + AHZHM)
ZcRkxb 2

We add an auxiliary variable Y and a dual variable U, we define
1
f(2) = 51X =DZ|E  g(¥)=A[Ylh1 Z=Y.
Then the ADMM for solving (1) is given by
0 Z() = argmin (%Hx —~DZ|3+8)|Z — YD 4 ut-1 H%)
z

o YW = arg;nin ()\HYHl,l + 5120 —y 4+ ut= ||%>

Q@ U =yti-1 4 z>0) _y@
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Solving Z-subproblem

Define
F(Z) = %HX ~DZ|[} + gllz — Y 4 ut=)2

Then

VF(Z)=-D" (X -DZ)+pl (z — oyl 4 u(H)>

= (DD +p1) Z— (DTX +p(Y) - ul-1))
Letting VF(Z) = 0, we have
(DTD + pl) — (DTX + (YU — u<i*1>)>

Therefore, we obtain the solution

70 = (DTD +p1)71 (DTX-I-p(Y(i_l) - u@'—l)))
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Online dictionary learning

Solving Z-subproblem

Therefore, we obtain the solution

z0) = (DTD + pI) - (DTX + (YD u<f*1)))

Note that if D is flat matrix, we can use Sherman—Morrison formula,

-1
(D'D+pl) = (DTD + ;1>

_1 1

1 -1

—DT" <1+ DDT> D

P P P

Since I + 1DDT is symmetry positive definite, we can use Cholesky
factorization to reduce the time to solve the linear system.
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Solving Y-subproblem

To solve
Y = argmin (A Y[l11+ 5120 - Y + Ut |3)
y 2

Using the component-wise soft-thresholding function, the solution of
Y-subproblem has the closed form:

Y@ — Sisp (Z(i) + u(i*1)>

where

Sr/o(V) = sign(V) © max (O, V| — 2)

with sign(V') and |V| are element-wisely applied to the matrix V and ® is
the Hadamard product.
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Solving sparse coding by ADMM

Therefore, the iterative scheme can be posed as follows:
© 201 (07 Dp1)” (D70t )
@ YD=s5,, (Za) + u(i—l))

o Ul — -1 4 70 _ v
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Update dictionary

The problem (2) in (SDL) is

D) = arg min=- Z (HX
DeC tz 1

Note that
|x — Dz
=tr [(X(i) — Dz T(x — DZ(i))}
—tr(XD " XD) 4 tr(z® DT DZD)

Then we have

0[3 4 A 20 Hu)

—otr(z® ' DT x)

D) = argmin Ly < (20 DT Dz — tr(zo'WDTxm)

DeC i=1
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Update dictionary

t
Let A =Y z(0Z0 and BO = Y X070 "
i=1 i

t
=1

We can show that

~

o Y tr(z® ' DTDZM) = tr(DTDAW)
i=1

= |l

tr(z® ' DTXD) = (DT B®)

g

i=1
Therefore, the problem can be rewritten to

D = argmin1 (1tr(DTDA<f)) - tr(DTB“)))
DeC t\2
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Online dictionary learning

Update dictionary: projected coordinate descent

To solve

D = argminl <1tr(DTDA(f>) — tr(DTB“)))
DeC t\2

First, let
F(D) = %tr(DTDA(t)) —tr(DTBY)
Then we can get
V4,F(D) = Da; — b;

where a;,b; are the column vector of A() and B().
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Online dictionary learning

Update dictionary: projected coordinate descent

Applying coordinate decent method, d; can update by
(0 _ 4e-1 1
4 =da' A—M(Dai — bi).
Since we hope d; < 1,V1 <i <k,

0 d\"

1

< -
t max([ldif2,1)

>
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Online dictionary learning

Algorithm: dictionary learning

Algorithm Dictionary Learning

. Require: DO xq,---x,, A.
A« 0,BO 0
: for t =1 to maxstep do
Random drawing X from {xy,---x,}
Do the Sparse Coding
A A1) L zhz0 T
B « Bt-1) 4 xz® T
Update Dictionary
end for
return D

[y

© 0N gk Wb

—_
e
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Algorithm: spare coding

Algorithm Spare Coding
1: Require: D, X, Y, U, A, p
2: for i =1 to maxstep do
3 Z0=(D'D+pl) " (DTX+p(YED —ul-1))

4. Y =sign (Z(i) + U(i_1)> ® max(0, ]z + ut-1| — %)
5. U@ =yt-1 4 z0 _y(@)

6: end for

7: return Z
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Algorithm: update dictionary

Algorithm Update Dictionary
1. Require: D = [dy,---di], A= [ay,---ar|, B=[by, -]

2: repeat
33 fori=1tokdo
4: Update the i-th column:

1
U; < dl‘ — Tﬁ(Dai — bl)
u‘
C max(fJuifl2, 1)
5. end for
6: until convergence

7: return D
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Application to image inpainting

Application to image inpainting

x =Dz

m
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Example of image inpainting

original block

contaminated block recovered block

@ Recovery rate: 80% ~ 90%
@ Sparsity: 6%
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Application to image inpainting

Numerical result (1) : grayscale image

After inpainting
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Application to image inpainting

Numerical result (1) : color image

rwhether Fmjust helpless and

d:sgustu‘l( Jemg 1y so0 often

tlrnc; m
foolish, a ?e utgl
W

Before inpainting After inpainting
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Application to im inpainting

Dictionary learning from multiple images

Training image

Dictionary

Dictionary Learning
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Application to image inpainting

Numerical result (I1) : grayscale image

After inpainting
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Application to image inpainting

Numerical result (1) : color image

So*tirrm;!v rwhether fFmyjust helpless and

foolish, a Sgu

gbt disgusting being
- -

Fgl at imexh

Before inpainting After inpainting
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THE END

Thanks for listening]!
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