
Application of Optimal Mass Transportation to
Medical Image Analysis

Jia-Wei Liao
Advisor: Wen-Wei Lin

Department of Applied Mathematics
National Yang Ming Chiao Tung University

Geometry Information and Medical Image Lab

April 29, 2022

Jia-Wei Liao (NYCU GIMI Lab) 2022 NCTS Student Workshop April 29, 2022 1 / 27



Outline

1 Introduction

2 Related work

3 Methods

4 Experiment results

5 Conclusion

Jia-Wei Liao (NYCU GIMI Lab) 2022 NCTS Student Workshop April 29, 2022 2 / 27



Introduction

Outline

1 Introduction

2 Related work

3 Methods

4 Experiment results

5 Conclusion

Jia-Wei Liao (NYCU GIMI Lab) 2022 NCTS Student Workshop April 29, 2022 3 / 27



Introduction

Introduction

RSNA-ASNR-MICCAI Brain Tumor Segmentation (BraTS)

tumor label

WT 1, 2, 4

TC 1, 4

ET 4

Table 1: The label of WT, TC, and ET.
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Introduction

Introduction

1 Motivation: reduce memory usage and keep global information

2 Idea: map irregular domain to regular domain

3 Difficulty: high conversion loss

Figure 1: An illustration for the OMT
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Related work

Optimal Mass Transportation

OMT Problem

Let (X, µ), (Y, ν) be two measurable spaces which have the same total
mass

∫
X 1dµ =

∫
Y 1dν. Let F be the set of measure-preserving maps and

c : X×Y → [0, ∞] be a cost function of transportation. The OMT
problem is to find a map f ∗ ∈ F that minimizes the transportation cost

f ∗ = arg min
f∈F

∫
X

c(x, f (x))dµ.
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Related work

Discrete OMT

Definition (Discrete OMT Problem)

The discrete OMT problem with respect to ∥ · ∥2 can represent as

f∗ = arg min
f∈FµV

nv

∑
i=1
∥vi − f∗i ∥2

2 µV(vi)

where the local measure at the vertex v is

µV(v) =
1
4 ∑

v⊂τ,τ∈T (B)
vol(τ) · ρ(v)

and the space of mass-preserving map is

FµV =

{
f ∈ Rnv×3 f is the inducing matrix for a mass-preserving

map f : (B, µV)→ (C, vol)

}
.
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Related work

Discrete OMT

OMT steps

1 Solve the boundary map by projection gradient method.

2 Solve the interior map by homotopy method.
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Related work

Solving the boundary map by projection gradient method

Definition (Spherical OMT Problem)

g∗ = arg min
f∈GµS

nB

∑
i=1
∥vi − g∗i ∥2

2 µS(vi)

where the space of mass-preserving map is

GµS =

{
g ∈ RnB×3 g is the inducing matrix for a mass-preserving

map g : (∂B, µS)→ (S2, area)

}
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Related work

Solving the boundary map by projection gradient method

Definition (Spherical OMT Problem)

g∗ = arg min
f∈GµS

nB

∑
i=1
∥vi − g∗i ∥2

2 µS(vi)

where the local measure at the vertex v as

µS(v) =
1
3 ∑

v⊂τ,τ∈F (∂B)
area(τ) · ρ(v).
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Related work

Solving the boundary map by projection gradient method

Let P∗ be a projection operator. Then gt can update by

gt+1 = PGµS
(gt − ηt∇C(gt))

where the cost function C(g) = ∑nB
i=1 ∥vi − g∗i ∥2

2 µS(vi) and the learning
rate η is chosen by line search.

Projection operator

1 Normalize to spherical g(v)← g(v)
∥g(v)∥2

.

2 Compute the spherical mass-preserving parameterization with g as
initial.

3 Adjust the optimal rotation by SVD.
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Related work

Solving the boundary map by projection gradient method

1 Compute the spherical OMT map g1 : ∂B → S2 with density ρ.
2 Compute the spherical OMT map g2 : ∂C → S2 with area-preserving.
3 Compose the map by g = g−1

2 ◦ g1.

Figure 2: Compose the spherical OMT map
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Related work

Solving the interior map by homotopy method

Let 0 = t0 < t1 < ... < tp = 1 be the p piece of [0, 1] and

f(k)B = (1− tk)VB + tkg

be the homotopy of boundary map. We solve the interior map by

[LV( f (k−1))]I,If
(k)
I = −[LV( f (k−1))]I,Bf(k)B .

Figure 3: Homotopy flowchart
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Methods

Two-Phase training process

Figure 4: Two-Phase training flowchart
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Methods

Density function

Let I be the grayscale of flair, HE be the histogram equalization.
1 Phase 1 OMT density function:

ρ1(v) = exp(γ ·HE(I(v))), v ∈ B
2 Phase 2 OMT density function:

ρ2(v) =

{
exp(γ ·HE(I(v))), if v ∈ R
1.0, if v ∈ B \R

Figure 5: Region of density
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Methods

Model architecture

Figure 6: Multi-Head UNet (MHUNet) architecture
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Experiment results

Conversion loss

Let Y be the ground truth, T : B → C be the OMT map, and
T−1 : C → B be the inverse OMT map. We defined the conversion loss

1− 2|Y ∩ (T−1 ◦ T)(Y)|
|Y|+ |(T−1 ◦ T)(Y)|

Phase 1 Phase 2
Grid size WT TC ET WT TC ET

1123 0.97% 1.10% 2.70% 0.13% 0.12% 0.33%
1283 0.34% 0.38% 0.96% 0.02% 0.02% 0.05%

Table 2: Conversion loss of data.
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Experiment results

OMT data visualize

data WT TC ET

raw data 6.49% 2.42% 1.45%
1283 cube with γ = 1.0 13.47% 5.03% 3.04%
1283 cube with γ = 1.5 18.27% 6.84% 4.14%
1283 cube with γ = 1.75 20.93% 7.84% 4.75%
1283 cube with γ = 2.0 23.72% 8.90% 5.40%

Table 3: Proportion of tumor in brain

Figure 7: Case BraTS2021 00003
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Experiment results

Validation result

Let P, G be a prediction and ground truth. The dice similarity coefficient
(DSC) is defined as

DSC(P, G) =
2|P ∩ G|
|P|+ |G|

Model WT TC ET

VNet 0.9318 0.9005 0.8691
UNet 0.9305 0.9023 0.8646
ResUNet 0.9307 0.9101 0.8602
MHUNet 0.9321 0.9146 0.8683

Table 4: DSC of validation dataset
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Experiment results

Test result

Model WT TC ET

MDUNet 0.9196 0.8644 0.8277
MDUNet+TTA 0.9201 0.8686 0.8308

Table 5: DSC of testing dataset

Figure 8: Box plot of DSC of testing dataset
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Conclusion

Conclusion

1 OMT map an object from an irregular domain to a regular domain,
which reduce memory usage and keep global information.

2 OMT can generate data augmentation by using the different
parameters of density.

3 We propose the Two-Phase training process.
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Conclusion
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Conclusion

THE END

Thanks for listening!
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